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We develop a systematic DLCQ perturbation theory and show that DLCQ S-matrix does not have
a covariant continuum limit for processes with p+ = 0 exchange. This implies that the role of the
zero mode is more subtle than ever considered in DLCQ and hence must be treated with great care
also in non-perturbative approach. We also make a brief comment on DLCQ in string theory.
Discrete light-cone quantization (DLCQ) was proposed
to solve the zero-mode problem in the light-front quan-
tization [1] and later a non-perturbative calculation was
carried out in field theory [2]. Recently the idea played an
important role in non-perturbative formulations in super-
string or M-theory [3,4] where much attention has been
paid to DLCQ [5] in the sense of L3 [6–10]. In contrast
to string theory, local field theory in L3 is pathological,
since the scattering amplitudes having zero-mode loops,
which are absent in DLCQ [11], diverge as δ(0) in L3 [8].
DLCQ has a long history. In the original paper [1],
the light-like coordinate x− was compactified in order
to isolate the light-cone zero modes and it was shown
that the zero modes are written in terms of the non-zero
modes due to a nonlinear operator equation (zero-mode
constraint). Then the zero modes are removed from the
physical Fock space. Because of that, DLCQ proves the
popular statement that the light-cone vacuum is trivial.
From the very beginning of DLCQ, however, it was
known that Poincare´ invariance in DLCQ is not recov-
ered as the operator algebra in the continuum limit [1],
and it was further shown [12] that Wightman function
does not agree with the Lorentz-invariant result in the
continuum limit of DLCQ (or any other regularization
fixed to an exact light-front surface), since the dynamical
information of zero mode is lost: Namely, DLCQ has no
Lorentz-invariant continuum limit as field theory itself
(operator, Hilbert space, etc.) [11]. The latter problem
can be avoided in the free theory if one uses an explicit
solution of the dynamics (free propagation) to regularize
the theory in a way dependent on the light-cone time.
Thus it has been expected that, if one uses explicit so-
lution of the dynamics, the Lorentz-invariant continuum
limit may be realized on the S-matrix which is an inte-
grated quantity not restricted to a fixed light-cone time
[11]. Actually it was argued [13] that DLCQ S-matrix
has a covariant continuum limit in the scalar field theory
through a concrete dynamics, namely the perturbation.
Unfortunately, in [13] some diagrams having exchange of
p+ = 0 [14] are missing and hence the statement is not
correct.
In this paper, we develop a systematic DLCQ pertur-
bation theory and find that the DLCQ S-matrix disagree
with a covariant one in the continuum limit for particular
processes with p+ = 0 exchange. This implies that zero
modes in DLCQ are more subtle than ever thought even
in the perturbation. Although this discrepancy is only
for the real part of the forward scattering amplitude and
hence may only occur at zero measure part in the cross
section, with no affect in total cross section through opti-
cal theorem, it strongly suggests that similar discrepancy
may be caused by zero modes in physical quantity also
in non-perturbative calculation: The zero modes should
be handled with great care.
Let us begin with formulating the perturbative expan-
sion (Dyson expansion) of scalar field theory in the oper-
ator formalism. We consider a d-dimensional λφ4 scalar
field theory with the mass m and put the system in a
light-like box (−L ≤ x− ≤ L) with periodic boundary
conditions [1,16]. We decompose the scalar field φ(x)
into the zero mode φ0(x
+, x⊥)
(
≡ (1/2L)
∫ L
−L φ(x)dx
−
)
and the non-zero mode parts ϕ(x). Then the Hamilto-
nian is given by,
H =
∫ L
−L
dx−
∫ ∞
−∞
dd−2x⊥
[
1
2
ϕ(m2 − ∂2⊥)ϕ
+
1
2
φ0(m
2 − ∂2⊥)φ0 +
λ
4!
(ϕ+ φ0)
4
]
. (1)
Furthermore, from the equation of motion for φ0, we ob-
tain the following zero-mode constraint [1],
∫ L
−L
dx−
[
(m2 − ∂2⊥)φ0 +
λ
3!
(ϕ+ φ0)
3
]
= 0 . (2)
It is obvious that the zero mode is nothing but an auxil-
iary field having no kinetic term. Solving this zero-mode
constraint perturbatively (i.e., the zero mode is written
in terms of the non-zero modes perturbatively) and plug-
ging the result into the Hamiltonian (1), we obtain the
effective interaction terms for ϕ. Then using the effective
Hamiltonian, we can perform the perturbative expansion
of the vacuum and scattering amplitudes [17,13,18]. In
the perturbative expansion, we treat the first term in the
r.h.s. of eq.(1) as the free part of the Hamiltonian and
the rests as interactions.
1
Classically, or putting aside the operator ordering first,
we can straightforwardly solve the zero-mode constraint
(2) perturbatively and we obtain,
φ0(x
+, x⊥) = −iλ
∫
ddy∆xy0
ϕ3(y)
3!
+ (−iλ)2
∫
ddy ddz∆xy0
ϕ2(y)
2!
∆yz0
ϕ3(z)
3!
+O(λ3), (3)
where ∆xy0 is the Feynman propagator for the zero mode.
∆xy0 ≡
1
2L
∫
dk−dd−2k⊥
(2π)d−1i
e−ik
−(x+−y+)+ik⊥(x⊥−y⊥)
m2 + k2⊥
=
1
2iL
1
m2 − ∂2x⊥
δ(x+ − y+)δ(d−2)(x⊥ − y⊥). (4)
Plugging eq.(3) into the Hamiltonian (1), we obtain the
effective interaction Hamiltonian,
−i
∫
dx+Hint = −iλ
∫
ddx
ϕ4(x)
4!
+
1
2!
(−iλ)2
∫
ddxddy
(
ϕ3(x)
3!
∆xy0
ϕ3(y)
3!
)
+
3
3!
(−iλ)3
∫
ddxddyddz
(
ϕ3(x)
3!
∆xy0
×
ϕ2(y)
2!
∆yz0
ϕ3(z)
3!
)
+ O(λ4) . (5)
The first three terms on the r.h.s. of eq.(5) correspond
to the diagrams in Fig.1, respectively.
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FIG. 1. The effective interactions to the third order in λ.
The dotted lines represent the zero-mode propagators and the
solid lines represent the non-zero mode operators.
Now we comment on the operator ordering. In
the ordinary quantization, the equal-time commutator
[φ(x), φ(y)]x0=y0 is zero due to the micro-causality, while
in the light-cone quantization, the equal light-cone time
commutator [ϕ(x), ϕ(y)]x+=y+ in general has a non-zero
value. Thus we must fix the operator ordering in eq.(5).
Here we choose the Weyl ordering for the equal light-
cone time operators. Actually, it is easily checked that
the Weyl ordering is consistent with the Euler-Lagrange
equation [19].
Having fixed the ordering of the equal light-cone time
operators, we can perform the perturbative expansion
(Dyson expansion) with the effective interaction Hamil-
tonian (5) systematically. From the Schro¨dinger equa-
tion of the light-cone time evolution, i(∂/∂x+)|x+〉 =
Hint(x
+)|x+〉 in the interaction picture, we obtain the
S-operator, S = T exp
[
−i
∫∞
−∞ dx
+Hint(x
+)
]
, where T -
symbol means the light-cone time ordered product. It
should be noted that micro-causality is not necessary in
order for Tφ(x)φ(y) = θ(x+ − y+)φ(x)φ(y) + θ(y+ −
x+)φ(y)φ(x) to be Lorentz-invariant, since the sign of
x+−y+ is Lorentz-invariant wherever the two points x, y
may be, in sharp contrast to the ordinary quantization
where micro-causality, [φ(x), φ(y)] = 0 for (x − y)2 < 0,
is definitely required, since the sign of x0 − y0 is not
Lorentz-invariant in space-like region.
Since the field operators ϕ(x) in the interaction picture
obey the equations of motion of the free fields, ϕ(x) in
eq.(5) is expanded as,
ϕ(x)=
∑
n>0
1
2L·2p+n
∫
dd−2p⊥
(2π)d−2
[
an(p⊥)e
−ipx+ a†n(p⊥)e
ipx
]
,
where px = {(p2⊥ + m
2)/(2p+n )}x
+ + p+nx
− − p⊥x⊥,
p+n = nπ/L and
[
am(p⊥), a
†
n(q⊥)
]
= (2π)d−22L ·
2p+n δmnδ
(d−2)(p⊥ − q⊥).
Now that we have given the systematic DLCQ pertur-
bation theory, we can calculate the scattering amplitudes
straightforwardly.
4p
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FIG. 2. Examples of the scattering diagram of order λ2.
From the effective interactions in Fig.1, it is easily
seen that two diagrams in Fig.2 contribute to the one-
loop scattering, where external momenta are given by
pi = (p
−
i , niπ/L, pi⊥), (ni > 0, i = 1, · · · , 4), respec-
tively. Actually we can calculate each amplitude of these
diagrams, and combine them to obtain the following scat-
tering amplitude A [20],
A =
1
2L
∑
l
′
∫
dk−dd−2k⊥
(2π)d−1i
1
m2ǫ − 2k
− lπ
L
+ (k⊥)2
×
1
m2ǫ − 2kˆ
− (l−n2+n3)π
L
+ (kˆ⊥)2
, (6)
where
kˆ− = k− − p−2 + p
−
3 , kˆ⊥ = k⊥ − p2⊥ + p3⊥, (7)
m2ǫ = m
2 − iǫ and
∑′
l stands for the summation over
l without the zero-mode loop contribution (l = 0 and
l − n2 + n3 = 0). Notice that although the zero modes
can propagate schematically as internal lines due to the
effective interactions in (5), we never have zero-mode loop
diagrams.
The expression of eq.(6) is not transparent when tak-
ing the continuum limit (L → ∞). Naively, one might
consider that eq.(6) would agree with the covariant an-
swer in the continuum limit [13]. However, in DLCQ,
2
the continuum limit should be taken after the whole cal-
culations are done with finite L. Hence we first perform
the momentum integrals in (6). Using the usual parame-
ter integral formula, [X − iǫ]−1 = i
∫∞
0 dα e
−iα(X−iǫ), we
obtain,
A =
i
2L
∑
l
′
∫
dk−dd−2k⊥
(2π)d−1
∫ ∞
0
dα1dα2
× exp
[
−iα1
{
m2ǫ − 2k
− lπ
L
+ (k⊥)
2
}]
× exp
[
−iα2
{
m2ǫ − 2kˆ
− (l − n2 + n3)π
L
+ (kˆ⊥)
2
}]
.
Then, the integral over k− gives a δ-function,
A =
i
4π
∑
l
′
∫
dd−2k˜⊥
(2π)d−2
∫ ∞
0
dα
∫ 1
0
dγ δ(l − γ(n2 − n3))
× exp
[
−iα{m2ǫ + (k˜⊥)
2 − γ(1− γ)(p2 − p3)
2}
]
,
where we have changed the variables (k⊥, α1, α2) →
(k˜⊥, α, γ) ≡ (k⊥ + γ(p3⊥ − p2⊥), α1 + α2, α2/(α1 + α2)).
Wick-rotating the variable α→ −iα, we finally get,
A =
1
2dπ
d
2
∑
l
′
∫ ∞
0
dαα
4−d
2
∫ 1
0
dγ δ(α(l − γ(n2 − n3)))
× exp
[
−α{m2 − γ(1− γ)(p2 − p3)
2}
]
. (8)
One comment is in order: If eq.(8) had included a zero-
mode loop contribution (l = 0, n2 = n3), which is actu-
ally absent in
∑
l
′
, it would suffer from a pathological
divergence of δ(0). This is, in fact, the divergence in ref.
[8] in L3. In DLCQ, however, this problem is absent from
the outset [11].
Now we are ready to examine the continuum limit
(L →∞). First, we consider the n2 6= n3 case in eq.(8).
Performing the γ-integration in eq.(8), we have [21],
A =
1
2dπ
d
2
∫ ∞
0
dαα
2−d
2 e−αm
2 1
|n2 − n3|
(9)
×

1 +
|n2−n3|−1∑
l=1
exp
[
αγl (1− γl) (p2 − p3)
2
] ,
where γl = l/|n2 − n3| and we have used the prescrip-
tion
∫ a
0
dxδ(x)f(x) = (1/2)f(0). The first term “1” in
the brace is the sum of l = 0 and l = |n2 − n3| contri-
butions which correspond to the diagram having a zero-
mode propagator (Fig.2(b)). Now it is easy to take the
continuum limit, |n2 − n3| → ∞, of eq.(9). In fact, we
obtain,
A =
1
2dπ
d
2
∫ ∞
0
dαα
2−d
2
∫ 1
0
dγ e−α{m
2−γ(1−γ)(p2−p3)
2} ,
which coincides with the covariant result. Note that in
the continuum limit, the contributions of the diagram in
Fig.2(b) vanish (1/|n2 − n3| → 0) [13].
Next we consider the n2 = n3 case in eq.(8) [14]. Such
a case is precisely what was missing in [13] and actually
yields non-covariant continuum limit. For clarity, we con-
sider a diagram in two dimensions (d = 2) [22] where the
external momenta pi (i = 1, · · · , 4) satisfy p1 = p4 and
p2 = p3 in Fig.2(a), i.e., the forward scattering. Note
that there is no p+-momentum exchange in this process
and hence the diagram of Fig.2(b) does not exist. From
eq.(8), the amplitude AF is given by,
AF =
2
22π
∑
l>0
1
l
∫ ∞
0
dααδ(α) exp(−αm2) . (10)
Furthermore, changing the variable α → β = 2(lπ/L)α
for later convenience, we obtain,
AF =
1
2L
∑
l>0
1
2( lπ
L
)2
∫ ∞
0
dβ β δ(β) exp
(
−
βm2
2 lπ
L
)
. (11)
This becomes zero due to
∫∞
0
dββδ(β)f(β) = 0 . Thus
the scattering amplitude of this process is zero in the
continuum limit (L→∞).
On the contrary, the covariant amplitude of the same
process AcovF is given by,
AcovF =
∫
dk0dk1
(2π)2i
(
1
m2ǫ − (k
0)2 + (k1)2
)2
=
1
22π
∫ ∞
0
dα
∫ 1
0
dγ e−m
2α =
1
4πm2
. (12)
This is non-zero and finite! The continuum limit ofAF (=
0) does not coincide with AcovF .
To see why this discrepancy has occurred, we consider
the continuum light-front amplitude of the same process.
The amplitude ALCF is given by,
ALCF =
∫
dk+dk−
(2π)2i
(
1
m2ǫ − 2k
+k−
)2
. (13)
Similarly to the above, we obtain,
ALCF =
∫ ∞
0
dk+
4π(k+)2
∫ ∞
0
dβ β δ(β) exp
(
−
βm2
2k+
)
. (14)
Note that if we discretize the light-cone coordinate,
k+ → (lπ/L) and (1/2π)
∫∞
0
dk+ → (1/2L)
∑
l>0, then
(14) becomes (11). At first sight, (14) seems to be zero
similarly to (11) due to
∫∞
0
dββδ(β)f(β) = 0. How-
ever, this is not the case. The reason is that once we
put
∫∞
0 dββδ(β) exp
(
−βm2/2k+
)
in eq.(14) zero, the
remaining integral
∫∞
0 dk
+[4π(k+)2]−1 diverges, i.e., we
shall suffer from∞× 0 in such a calculation of (14). The
proper procedure is, in fact, to perform k+-integral first
and then β-integral afterward. Changing the variable
k+ → k = 1/k+, we can easily carry out the procedure,
3
ALCF =
∫ ∞
0
dβ β δ(β)
∫ ∞
0
dk
4π
exp
(
−
βm2k
2
)
=
1
2πm2
∫ ∞
0
dβ δ(β) =
1
4πm2
, (15)
where we have used the prescription
∫∞
0 dβδ(β)f(β) =
(1/2)f(0) as before. This exactly coincides with the co-
variant result (12).
It is now clear why the discrepancy between AF and
AcovF has occurred even in the continuum limit. In con-
trast to eq.(14), since (1/2L)
∑
l>0[2(lπ/L)
2]−1 = L/24
is finite, we can put
∫∞
0 dββδ(β) exp
(
−βm2/(2lπ/L)
)
=
0 in (11), and hence we have AF = 0. In DLCQ, since
the continuum limit should be taken after the whole cal-
culations are done with finite L, we cannot obtain any
non-zero result in eq.(11) even in the continuum limit
and the covariant result (12) can never be reproduced in
DLCQ. Thus the continuum limit of the DLCQ S-matrix
does not coincide with the covariant one in the specific
kinematics where there’s no p+ exchange. This means
that even differential cross sections in DLCQ differ from
the covariant ones in the continuum limit.
However, since in the integral over the scattering an-
gle, the region which contributes to the discrepancy has
measure zero, the discrepancy does not affect total cross
sections and the experimentally measurable values of dif-
ferential cross sections, which are actually integrated in
some finite region over the scattering angle. Besides, the
forward scattering amplitude is related to the total cross
section due to the optical theorem, however, the conflict
part does not contribute to the imaginary part of the
forward scattering amplitude and hence the total cross
section remains the same.
Though the region of breaking Lorentz invariance of S-
matrix has measure zero in the configuration space of ex-
ternal momenta, this explicit result nevertheless implies
that the role of the zero modes is more subtle than ever
thought in DLCQ. Thus various DLCQ calculations, per-
turbative or non-perturbative, should be done with great
care on the zero modes.
Finally, we make a brief comment on DLCQ in string
theory. Due to the s-t channel duality, a string scattering
diagram of a certain order in string perturbation contains
all the possible field theoretical Feynman diagrams of the
same order [10], which wipes off such a discrepancy ap-
peared in field theory.
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